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Abstract
We show that the fundamental group-scheme of a separably rationally connected variety defined over an
algebraically closed field is trivial. Let X be a geometrically irreducible smooth projective variety defined
over a finite field k admitting a k-rational point. Let {En,σn}n0 be a flat principal G-bundle over X,
where G is a reductive linear algebraic group defined over k. We show that there is a positive integer a
such that the principal G-bundle (F a
X
)∗E0 −→ X is isomorphic to E0, where FX is the absolute Frobenius
morphism of X. From this it follows that E0 is given by a representation of the fundamental group-scheme
of X in G.
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1. Introduction
Let k be an algebraically closed field of positive characteristic. Let M be an irreducible smooth
projective variety defined over k. Let (M,x0) be the fundamental group-scheme, where x0 is
a point of M . The notion of fundamental group-scheme was introduced by Nori in his thesis [8,9].
In Section 2, we prove the following (see Theorem 2.1):
If M is separably rationally connected, then (M,x0) = e.
In Section 3, we take k to be a finite field. Let X be a geometrically irreducible smooth
projective variety defined over k such that X admits a k-rational point. Fix a k-rational point x0
of X. Let FX :X −→ X be the absolute Frobenius morphism of X.
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a flat principal G-bundle over X is a sequence of pairs {En,σn}n0, where
En −→ X
is a principal G-bundle, and
σn :F
∗
XEn+1 −→ En
is an isomorphism of principal G-bundles.
We prove the following (see Proposition 3.2):
Let {En,σn}n0 be a flat principal G-bundle over X. Then there is a positive integer a such
that the principal G-bundle (F aX)∗E0 is isomorphic to E0.
As a consequence, if {En,σn}n0 is a flat principal G-bundle over X, then the principal
G-bundle E0 is given by a homomorphism
(X,x0) −→ G
(see Corollary 3.3).
2. Fundamental group-scheme of separably rationally connected varieties
Let k be an algebraically closed field of characteristic p, with p > 0. For any smooth variety Y
defined over k, let
FY :Y −→ Y
be the absolute Frobenius morphism of Y . For any integer d  1, let
FdY :=
d-times︷ ︸︸ ︷
FY ◦ · · · ◦ FY :Y −→ Y (2.1)
be the d-fold iteration of the self-map FY .
Let M be an irreducible smooth projective variety defined over k. Fix a rational point x0 ∈ M .
Let (M,x0) denote the fundamental group-scheme of the pointed variety (M,x0). We recall
that (M,x0) is defined by giving the corresponding neutral Tannakian category. More pre-
cisely, consider the neutral Tannakian category defined by the essentially finite vector bundles
over M (essentially finite vector bundles are defined in [8], [9, p. 82, Definition]); the fiber func-
tor for the neutral Tannakian category sends an essentially finite vector bundle W to the k-vector
space Wx0 , where Wx0 is the fiber of W over the base point x0. The fundamental group-scheme
(M,x0) is defined to be the group-scheme associated to this neutral Tannakian category.
See [7] for the definition of a separably rationally connected variety.
Theorem 2.1. If M is separably rationally connected, then the fundamental group-scheme
(M,x0) is trivial.
Proof. Since the fundamental group-scheme (M,x0) is the group-scheme given by the neutral
Tannakian category constructed using the essentially finite vector bundles on M , the theorem is
equivalent to the assertion that there are no nontrivial essentially finite vector bundles over M .
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f :Y −→ M (2.2)
with Y connected, and there is a positive integer d , such that the pull back(
FdY
)∗
f ∗E −→ Y (2.3)
is a trivial vector bundle over Y , where FdY is defined in Eq. (2.1) (see [1, p. 557]).
Assume that M is separably rationally connected. Consequently, the étale fundamental group
π1(M,x0) is trivial [7, Theorem 13]. Hence Y in Eq. (2.2) is M and f is the identity map. In
other words,(
FdM
)∗
E = O⊕rM , (2.4)
where r = rank(E), and d is the integer in Eq. (2.3).
Given any point x ∈ M , the statement 3 in [7, Theorem 3] says that there is a rational curves
through x
fx :P
1
k −→ M
such that f ∗x TM is ample. The dual of an ample vector bundle on P1k does not admit any nonzero
sections. Hence
H 0
(
P
1
k, f
∗
x Ω
1
M
)= 0.
Therefore, we conclude that
H 0
(
M,Ω1M
)= 0. (2.5)
Given a vector bundle V over M , a theorem due to Cartier says that the equivalence classes
of pairs (W,φ), where
• W is a vector bundle over M , and
• φ :F ∗MW −→ V is an isomorphism of vector bundles,
are bijectively parametrized by all the flat connections on V whose p-curvature vanish [6, p. 190,
Theorem 5.1.1] (see [6, p. 190, (5.0.4)] for the definition of p-curvature). We recall that two such
pairs (W,φ) and (W ′, φ′) are called equivalent if there is an isomorphism of vector bundles
f :W −→ W ′
such that the following diagram is commutative
F ∗MW
φ
F ∗Mf
V
F ∗MW ′
φ′
V.
Any two connections on V differ by an element of H 0(M,End(V ) ⊗ Ω1M). From Eq. (2.5)
we conclude that if V is a trivial vector bundle, then
H 0
(
M,End(V ) ⊗ Ω1M
)= 0.
Therefore, from the above theorem of Cartier it follows immediately that if F ∗MW ′ is a trivial
vector bundle on M , then W ′ is also a trivial vector bundle. Consequently, from Eq. (2.4) we
conclude that the vector bundle E is trivial. This completes the proof of the theorem. 
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In this section k will be a finite field.
Let X be a geometrically irreducible smooth projective variety defined over k admitting a
k-rational point. Fix a k-rational point x0 of X. Let d be the dimension of X. Let
FX :X −→ X (3.1)
be the absolute Frobenius morphism of X. As in Eq. (2.1), the d-fold composition of FX will be
denoted by FdX .
For any zero-cycle C ∈ CH0(X), let [C] ∈ Z be the degree of C.
Fix a very ample line bundle ξ on X in order to define the degree of torsionfree coherent
sheaves on X. For any torsionfree coherent sheaf V on X, define
degree(V ) := [c1(V )c1(ξ)d−1] ∈ Z.
Let G be a reduced reductive linear algebraic group defined over the field k. We recall that
a principal G-bundle EG over X is defined to be strongly semistable if (F nX)∗EG is semistable
for all n  1, where FX is the absolute Frobenius morphism in Eq. (3.1). (See [11, p. 129,
Definition 1.1] and [11, pp. 131–132, Lemma 2.1] for the definition of a semistable principal
G-bundle.) It is known that a principal G-bundle EG is strongly semistable if and only if for
every representation
η :G −→ GL(V ),
where V is a finite dimensional k-vector space, satisfying the condition that η takes the connected
component of the center of G to the center of GL(V ), the vector bundle
EG(V ) := E ×G V −→ X
associated to EG for η is semistable (see [10, p. 288, Theorem 3.23]).
Let g be the Lie algebra of G. The adjoint action of G on g makes it a G-module. For a prin-
cipal G-bundle EG over X, let
ad(EG) := EG ×G g
be the vector bundle associated to EG for the G-module g; we recall that ad(EG) is called the
adjoint vector bundle.
The fundamental group-scheme of X with base point x0 will be denoted by (X,x0).
Let Rep((X,x0)) denote the neutral Tannakian category defined be the representation of
(X,x0). So from the definition of (X,x0) we know that Rep((X,x0)) is equivalent to
the neutral Tannakian category defined by the essentially finite vector bundles over X (the fiber
functor sends an essentially finite vector bundle W to the k-vector space Wx0 ). Let Vect(X)
denote the category of vector bundles over X. We have a tautological functor
F : Rep((X,x0))−→ Vect(X) (3.2)
that sends any W ∈ Rep((X,x0)) to the essentially finite vector bundle W . Using [4, p. 149,
Theorem 3.2], [9, Lemma 2.3, Proposition 2.4], this functor F in Eq. (3.2) defines a principal
(X,x0)-bundle over X. This tautological principal (X,x0)-bundle over X will be denoted
by E(X,x0).
Given any homomorphism
ρ :(X,x0) −→ G, (3.3)
I. Biswas / Bull. Sci. math. 133 (2009) 477–483 481we have the principal G-bundle
Eρ := E(X,x0) ×(X,x0) G −→ X (3.4)
which is obtained by extending the structure group of the tautological principal (X,x0)-bundle
E(X,x0) using ρ.
The following theorem is proved in [3]:
Theorem 3.1. Let EG be a principal G-bundle over X. The following three statements are equiv-
alent.
(1) There are integers b > a  1, such that the principal G-bundle (F bX)∗EG is isomorphic to
(F aX)
∗EG.
(2) There is a homomorphism ρ as in Eq. (3.3) such that EG is isomorphic to the principal
G-bundle Eρ defined in Eq. (3.4).
(3) The principal G-bundle EG is strongly semistable and the following two conditions hold:
• for each character χ of G, the line bundle EG(χ) = EG ×G k −→ X associated to EG
for χ has the property that[
c1
(
EG(χ)
)
c1(ξ)
d−1] ∈ Z
vanishes, where d = dimX, and
• [c2(ad(EG))c1(ξ)d−2] = 0, where ad(EG) is the adjoint vector bundle of EG.
We note that in [12], the equivalence between the second and the third statements in Theo-
rem 3.1 was proved under the extra assumptions that dimX = 1 and G is semisimple.
A flat principal G-bundle over X is a sequence of pairs {En,σn}n0, where En is a principal
G-bundle over X, and
σn :F
∗
XEn+1 −→ En
is an isomorphism of principal G-bundles (see [5,2]).
Proposition 3.2. Let {En,σn}n0 be a flat principal G-bundle over X. Then there is a positive
integer a such that the principal G-bundle (F aX)∗E0 is isomorphic to E0.
Proof. Take any integer n 1. The composition
(
FnX
)∗
En
(Fn−1X )∗σn−1−−−−−−−→ (Fn−1X
)∗
En−1
(F n−2X )∗σn−2−−−−−−−→ · · · (F
1
X)
∗σ1−−−−−→ (FX)∗E1 σ0−→ F0
will be denoted by σ̂n. Therefore,
σ̂n :
(
FnX
)∗
En −→ E0 (3.5)
is an isomorphism of principal G-bundles.
Since the principal G-bundle E0 is isomorphic to (F nX)∗En, we have[
c2
(
ad(E0)
)
c1(ξ)
d−2]= pn[c2(ad(En))c1(ξ)d−2],
where p is the characteristic of k. This implies that[
c2
(
ad(Em)
)
c1(ξ)
d−2]= 0 (3.6)
for all m 0.
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follows that the associated line bundle E0(χ) = E0 ×G k over X is isomorphic to(
FnX
)∗
En(χ) :=
(
FnX
)∗
En ×G k = En(χ)⊗pn .
In particular, we have[
c1
(
E0(χ)
)
c1(ξ)
d−1]= pn[c1(En(χ))c1(ξ)d−1].
This implies that[
c1
(
Em(χ)
)
c1(ξ)
d−1]= 0 (3.7)
for all m 0.
We will next show that the principal G-bundle En is semistable for all n sufficiently large.
Given a principal G-bundle EG, if its adjoint vector bundle ad(EG) is semistable, then clearly EG
is semistable (this follows immediately from the definition of semistability of a principal bundle).
Therefore, to show that En is semistable for all n sufficiently large, it suffices to prove that the
adjoint vector bundle ad(En) is semistable for all n sufficiently large.
Assume that the vector bundle ad(Em) is not semistable. Since G is reductive, the adjoint
action of G on the line
∧top g is trivial, where g is the Lie algebra of G. Hence the line bundle∧top ad(Em) is trivial. In particular,
degree
(
ad(Em)
)= 0.
Therefore, from the assumption that ad(Em) is not semistable we know that there is a coherent
subsheaf
Fm ⊂ ad(Em)
such that degree(Fm) > 0.
Consider the subsheaf(
FmX
)∗Fm ⊂ (FmX
)∗
ad(Em) = ad(E0) (3.8)
(the isomorphism of ad(E0) with (FmX )∗ ad(Em) is given by σ̂m; see Eq. (3.5)). Note that
degree
((
FmX
)∗Fm)= pm degree(Fm) pm (3.9)
because degree(Fm) 1.
On the other hand, the degrees of all the coherent subsheaves of the vector bundle ad(E0)
are bounded above; they are bounded above by δ · rank(ad(E0)), where δ is the degree of the
first term of the Harder–Narasimhan filtration of ad(E0). Therefore, from Eqs. (3.8) and (3.9) we
conclude that ad(En) is semistable for all n sufficiently large. Hence the principal G-bundle En
is semistable for all n sufficiently large.
There are only finitely many isomorphism classes of semistable principal G-bundles
EG −→ X with[
c2
(
ad(EG)
)
c1(ξ)
d−2]= 0
and [
c1
(
EG(χ)
)
c1(ξ)
d−1]= 0
for all characters χ of G (see [3] for the details). Therefore, there are integers c > b > 0 such
that the principal G-bundle Eb is isomorphic to Ec. Hence the pull back (F cX)∗Ec is isomorphic
to the principal G-bundle(
Fc
)∗
Eb =
(
Fc−b
)∗(
Fb
)∗
Eb.X X X
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(
FbX
)∗
Eb = E0 =
(
FcX
)∗
Ec
using σ̂b and σ̂c constructed in Eq. (3.5). Therefore, an isomorphism of (F cX)∗Ec with
(F c−bX )∗(F
b
X)
∗Eb gives an isomorphism of E0 with (F c−bX )∗E0. This completes the proof of
the proposition. 
Combining Proposition 3.2 with Theorem 3.1 we get the following corollary:
Corollary 3.3. Let {En,σn}n0 be a flat principal G-bundle over X. There is a homomorphism ρ
as in Eq. (3.3) such that E0 is isomorphic to the principal G-bundle Eρ defined in Eq. (3.4). Also,
E0 is strongly semistable, and the following two conditions hold:
• for each character χ of G, the line bundle E0(χ) = E0 ×G k −→ X associated to E0 for χ
has the property that
[
c1
(
EG(χ)
)
c1(ξ)
d−1]= 0,
where d = dimX, and
• [c2(ad(EG))c1(ξ)d−2] = 0, where ad(EG) is the adjoint vector bundle of EG.
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